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* 

Introductory. # 

Riemann was the first to consider the theory of integration of non-continuous 
functions. As is well known, his definition of the integral of a function between 
the limits a and b is as follows : — Divide the segment (a, b) into any finite number 
of intervals, each less, say, than a positive quantity, or norm d ; take the product of 
each such interval by the value of the function at any point of that interval, and 
form the sum of all these products ; if this sum has a limit, when d is indefinitely 
diminished which is independent of the mode of division into intervals, and of the 
choice of the points in those intervals at which the values of the function are 
considered, this limit is called the integral of the f auction from a to b. 

The most convenient mode, however, of defining a Riemann (that is an ordinary) 
integral of a function, is due to Darboux ; it is based on the introduction of upper 
and lower integrals (integrale par exces, par defaut : oberes, unteres Integral). The 
definitions of these are as follows : — It may be shown that, if the interval (a, b) be 
divided as before, and the sum of the products taken as before, but with this 
difference, that instead of the value of the function at an arbitrary point of the 
part, the upper (lower) limit of the values of the function in the part be taken and 
multiplied by the length of the corresponding part, these summations have, whatever 
be the type of function, each of them a definite limit, independent of the mode of 
division and the mode in. which d approaches the value zero. This limit is called the 
upper (lower) integral of the function. In the special case in which these two limits 
agree, the common value is called the integral of the function. 

The progress of the modern theory of sets of points (Theorie des ensembles ; 
Mengenlehre), due, as is well known, chiefly to G. Cantor, though taking its origin 
in Riemann's paper * Ueber die Darstellbarkeit einer Funktion durch erne trigono- 
metrische Reihe/ naturally leads us to put the question how far these definitions 

* An abridged statement of the contents of this memoir will be found in the " Abstract " published in 
the ' Proceedings of the Eoyal Society/ vol. 73, pp. 445-449. 
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can be generalised. This theory has in fact taught us on the one hand that many of 
the theorems hitherto stated for finite numbers are true with or without modification 
for a countably infinite number, and on the other hand that closed sets of points 
possess many of the properties of intervals. We may, in accordance with these facts, 
divide the segment (1) into an infinite number of non-overlapping intervals, in which 
case, however, seeing that such a set of intervals always has points which are 
external or semi-external to them, we must in general add a set of points to the 
set of intervals, if the division of the segment is to be properly performed, that is, 
if all the points of the segment are to be accounted for in our division ; or, more 
generally, (2) into a finite or countably infinite number of sets of points. 

What would be the effect on the Kieuiann and Darboux definitions, if in those 
definitions the word " finite " were replaced by " countably infinite," and the word 
"interval" by "set of points"? A further question suggests itself:— Are we at 
liberty to replace the segment (a, 6) itself by a closed set of points, and so define 
integration with respect to any closed set of points ? 

Going one step further, recognising that the theory of the content of open sets 
quite recently developed by M.' Lebesgtte # has enabled us to deal with all known open 
sets in much the same way as with closed sets as regards the very properties which 
here come into consideration, we may attempt to replace both the segment and the 
intervals of the segment by any kinds of measurable sets. 

In the Biemann and Darboux definitions it is tacitly assumed that the interval 
(a, b) is finite, and that the function is throughout the interval finite and possesses 
finite upper and lower limits. The discussion of the integration of a function which 
is not necessarily finite, over an interval not necessarily finite in length, requires 
separate consideration, and the definitions of such integrals, called Improper integrals, 
are of the nature of extensions of the definitions of ordinary integrals. Bearing in 
mind the somewhat unsatisfactory and artificial character of such extensions, we may 
hope finally that our discussionf may throw light on improper integrals also. 

In M. Lebesgue's valuable memoir, already referred to, a striking addition has been 
made to the previously existing knowledge of the subjects dealt with. He has 
shown that a more general definition than that of Biemann, available for all known 
functions, one moreover coinciding with that of Biemann in the case of all functions 
integrable in the Biemann sense, may be given ; a definition possessing, among 
others, the remarkable property of permitting passage back from the derivatives of 
a continuous function to the continuous function itself 

In the present paper I attempt to discuss the whole matter, and take occasion in 
the proper place to bring Lebesgue's work into connection with my own. Some 
special cases of the results I obtain have been given by me in the paper presented to 

* "Integrate; Longueur; Aire," ' Ann. di Mat.,' 1902. Of, also a paper by the Author, "Open Sets 
and the Theory of Content," < Proc. Lond. Math. Soc./ Ser. 2, vol. 2, Part L, p. 16, 

t In the instalment now presented to the Society I confine my attention however to proper integrals. 
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the L.M.S. already cited, and I apply one of the results of this paper, viz., that the 
content of any closed n dimensional set may be expressed both as an ordinary integral 
in terms of an n — 1 dimensional content, or as the upper integral of the content of 
sets of lower dimensions, to obtain the corresponding theorem for any measurable set 
(contained in a closed set of finite content). 

Part I. — Of Finite Proper Integrals. 

8 1. The necessary and sufficient condition that a function should satisfy the 
requirements of Bjem Ann's definition is simply that the content of the points of 
continuity of the function should be equal to the length of the segment (a, 6), (or, 
in the case of a multiple integral, to the content of the region over which the 
integration is extended), that is to say, when this condition is satisfied, the sum- 
mations referred to in the Riemann definition have a definite limit, independent of 
the mode of; division, &c. Is this still true when for " interval" the expression " set 
of points" is substituted, # and for " length of interval" the " content of the set of 
points " ? The following example shows that, when these substitutions have been 
made, the definition, as it stands, ceases to have any meaning, even in the case of 
continuous functions. 

Example 1. — Take i/ = o;as the function. The Riemann integral xdx has the 

value -J. If, however, after dividing the segment (0, 1) into n equal intervals, we 

abstract the n points 

2*-l 
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and add them singly to what remains of the intervals, we obtain n measurable sets of 
points, each of the same content as before, viz., - ; in each, however, there is a point 

at which the function has a value greater than f , except possibly in one of the sets 
in which there is a point at which the function has the value f . The summation is 
therefore always greater than |, so that it is clear that we do not get the same limit 
as before when n is indefinitely increased. 

The principle of this example shows that in the general case also, except in the 
single case when the function is a constant, different modes of division of the segment 

CD 7 O 

into a finite number of sets of points each of content less than a given norm d, and 
different modes of proceeding to the limit, will certainly not always give the same 
limiting value of the summations. Thus, suppose the function to be continuous at its 
upper limit, then we can arrange that the mode of division is such that to every 
partial set at every stage a point belongs for which the function differs from its 

* I shall always, except when the contrary is stated, suppose that the sets employed are measurable sets, 
so that the sum of two non-overlapping sets has for content the sum of their separate contents. 
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maximum value by a quantity as small as we please, and there is nothing to prevent 
our taking precisely this point as that at which the value of the function is to he 
taken in forming the summation ; similarly for the minimum value, and it is clear 
that the limits obtained in these two cases could only agree when the function is a 
constant. 

It is plain, moreover, that there is no room for discussion of the range of possible 
values of limits corresponding to the various conceivable modes of division. Speaking 
generally, the range will be from SM to Sm, where S is the length of the segment, 
or more generally n-dimensional volume of the region, and M and m are the upper and 
lower limits of the values of the function. Thus the Eiemann definition completely 
breaks down when we attempt to generalise it in this direction. 

§ 2. There is another direction, however, in which an important generalisation of 
the Biemann definition is possible. If we change the words " finite number of 
intervals'' into " set of intervals" and add "such that the content of the external 
points is zero," the definition still holds good ; we get a perfectly definite limit, which 
is, of course, the Biemann integral. 

To prove this, we notice first that the content of the set of intervals is in this case, 
and in this case alone, the same as that of the segment (or region) under discussion, 
say S. 

Let the intervals be arranged in any Avay in countable order d u d 2 . . . Then, since 
the d's are all positive, their sum is an absolutely convergent series ; therefore the 
same is true when the content of each d r is multiplied by a quantity f r which, for all 
values of r, lies between finite upper and lower limits, say between ±M, as is the case 
in forming our summations. # 

If we consider n of these intervals in order d u d 2 . . . d m these leave over a finite 
number of complementary intervals, say d' u ei ; 2 . . . d' m , and we can so choose n that 

the sum of these latter intervals d f r is less than -rr, while the contribution to our 



summation over the remaining intervals d il+u d n + 2 . . . is numerically less than -|e. 

If now we form the summation in Eiemann' s way over the finite number of 
intervals d u d 2 . . . d m d\, d\ . , . d f m and compare it with the corresponding summation 
over the set of intervals d l9 d 2 . . . ad inf., we see that the difference between the two 
summations is less than e. Since e is at our disposal, and we can insure that both 
the intervals d r and d! r are less than any assigned norm, this proves the statement 
embodied again in the following theorem :— 

* I take this first opportunity of emphasising the fact that, though it is convenient, indeed necessary, 
in forming the sum of an infinite number of terms to arrange them in some sort of order, in doing so here 
we do not introduce the idea of order into the concept of integration. Indeed, from the definitions it is 
evident that the concept of integration no more of itself involves the idea of order than do the concepts of 
length, area, and volume. The distinction of the two notions has, perhaps, not always been present to 
the mind of some waiters. 
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Theorem 1. — If the interval (a, b) be divided into a set of intervals and a set of 
points of zero content, the length of each interval being less than some assigned norm d; 
and if the product of the length of each interval by the value of a given integrable 
function at any point of that interval be formed and the summation of all such 
products calculated, this summation has a definite limit when d is indefinitely 
diminished; this limit is, of course, the integral of the function. 

Corollary. — The value of the integral of an integrable functicm is unaltered if, at 
the points of a set of zero content, we arbitrarily change the values of the function. 

In other words, if we add to the function an integrable null function, we leave the 
integral unaltered. 

It will be convenient to prove the following theorem, which is, in practice, 
indispensable ; from it the theorem on which Darboux's definition of upper (lower) 
integration is based, can be at once deduced :— ~ 

§ 3. Theorem 2. — 'Given any small positive quantity e x , we can determine a positive 
quantity e, such that, if the segment S be divided up in any manner into a finite 
number of non-overlapping intervals, then, provided only the length of each interval is 
less than e, the upper (loiver) summation of any function over these intervals differs 
by less than e x from a definite limiting value, the upper (lower) integral. 

The following is the proof for the case of the upper integral ; with slight modifi- 
cation it holds for the lower integral. 

Let I be the lower limit of all such summations :; then we can determine a division 
of S into a finite number n of intervals, such that the upper summation over these 
intervals lies between I and I ~f \e x .... 

Let e be' chosen to satisfy the following equation 

— e i 

^ ~~ 2^M ' 

where M is any quantity greater than the greatest value of the function, and let us 
consider any division whatever, into a finite number of non-overlapping intervals each 
less than e. The number of such intervals which do not lie entirely in one of the 
n intervals previously determined, is at most n 9 so that the sum. of the terms 
corresponding to these intervals is less than nMe, that is \e x . 

In each of the remaining intervals the upper limit of / is not greater than the 
upper limit of / in that one of the n intervals in which it lies, so that the upper 
summation over the remaining intervals is not greater than that over the n intervals. 
Hence the summation over our intervals, each being less than e, is less than 1 4- e ± . 

[Q.E.D.] 

§ 4. We have now to discuss the Darboux form of the definition of integration, 
that is, in the first instance, to consider the effect of the modifications proposed on 
Dakboux's definitions of upper and lower integration. 

The following example* shows that the theorems stated in these definitions no 

* Example 1, of course, shows this in the ease of an integrable function. 
VOL. CCIV. A. 2 G 
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longer hold, that is to say, it is no longer true that definite limits, independent of the 
mode of division, &c, exist, when sets of points are substituted for intervals : — 

Example 2.— Let y be a function of x 9 which is zero everywhere, in the segment 
(0, 1 ), except at every point of a perfect set G, nowhere dense, whose content is I, 
and at every point of G let y = 1. 

If we divide the segment (0, 1) into n equal parts, each of length less than d, the 
upper summation, that is, the summation which corresponds to the upper integral, is 
always greater than I, but approaches the value I as d is indefinitely decreased. If 
I is zero (in which case the function is integrable in Riemann's sense), the limit is 
always zero, and in any case it is less than 1. We can, however, arrange so that we 
get 1 as limit. 

Let the semi-external points of the intervals be arranged in countable order 
P l5 P 2 , . . . ; take the same division as before, abstracting, however, the points 
P 1? P 2 , . . . P w , and then adding these points singly to the single parts ; thus we have 
a division into n measurable sets, each of content less than d, in each of which the 
function has the value unity, so that the summation always has the value unity 
however small d may be ; therefore we get 1 as limit. 

§ 5. If, on the other hand, we retain the intervals, but drop the restriction that 
they should be finite in number, there remains over a complementary set of points G, 
of content, say, I. The following example shows that the upper summations over a 
set of intervals have not then in general a definite limit, so that this extension of the 
definition of upper integral cannot be made without some restriction :— 

Example 3.— Take a perfect set, nowhere dense, of content I in the segment (0, 1), 
and let the function be zero everywhere except at the points of this set where the 
value of the function is unity. 

The value of the upper integral as defined by Dakboux is I. 

Now let d be any assigned norm, and let an odd integer m be determined so that 

(m—1) c£>l. 

Divide the segment (0, 1) into m equal parts, and blacken the middle part. Then 
divide each of the (m—1) remaining equal parts of the segment into m 2 equal parts, 
and blacken each of the middle parts, and so on, in the usual manner. The set of 
intervals, each less than d, which we thus obtain, have content 

1 , m-1 , (m-l)(m 2 -l) , 1,1/. 1 \ , 1 {, l\[, 1\ , 

m m l+l m d+l+ m m *y m ) m n mj \ mj 

which is less than d. The complementary set of points is a perfect set nowhere 
dense of content greater than (l — d). The upper summation of the given function 
over these intervals is then at most equal to d, and is, therefore, less than the upper 
integral as soon as the norm is less than I, and has the limit zero. 

The principle of this example shows that, if we omit the condition that the number 
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of intervals should be finite, the upper summation can always be made numerically 
as small as ive please. The same is true of the lower summation. 

Theorem 3. — If, however, we make the restriction that the set of points complementary 
to the intervals always has zero content, or has a content which decreases ivithout limit, 
as d does so, the limits approached by the upper and loiver summations are perfectly 
definite, and are, of course, the upper and loiver integrals. 

The proof of this statement is identical in character with that given in § 3 for the 
corresponding theorem regarding the integral of an integrable function, which theorem 
is, of course, a special case of the above. 

We should naturally ask whether we cannot correct this discrepancy by adding to 
the upper or lower summation over the set of intervals the product of the content of 
the complementary set of points into the upper or lower limit of the function for 
points of that set ; or, if this does not suffice, by dividing up the complementary set 
itself into components and adding the sum of the corresponding products. That 
neither of these corrections suffice is shown by the following example : — 

Example 4. — Take the same set as before at which the function has the value 1, and 
inside the largest of its black intervals place a similar set G' of content F, at every 
point of which internal to that black interval the function has the value 2. Every- 
where else the function is to be zero. The upper integral is I + 2F. 

If now we merely subdivide the black intervals of G' which lie inside the largest 
black interval of G, and subdivide the remaining black intervals of G, the product of 
the content of the complementary set of points into the upper limit of the function 
for points of that set will be at least 2 (I + I ; )> while the summation over the intervals 
will be zero. Thus the addition of the term in question would not correct the 
result. 

If, on the other hand, we subdivide the complementary set into components whose 
contents are themselves less than the norm d, we could, on the principle which has 
already been employed, insure that each component contained a point at which the 
function had the value 2, and the result would be the same as before. In neither 
case do we obtain the upper integral. 

§ 6. As we have seen in § 4 and § 5, the Darboux definitions of upper and lower 
integration require modifications, if they are to be generalised in the manner proposed. 

We are naturally led to define upper and lower integration tentatively as follows : — 

Let the division of the segment into (measurable) sets be performed in any con- 
ceivable way, and let the upper limit of the values of the function in each partial 
set be multiplied by the content of that set, and let the sum of these products be 
formed :; then the upper integral is defined to be the lower limit of all such sums. 

Similarly the lower integral might be defined, the words " upper " and " lower " 
being throughout interchanged. There is clearly no logical reason to prevent our 
considering these limits. 

The names upper and lower integrals will, however, not be suitable, unless (1) the 

2 G 2 
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upper integral, so defined, is greater than, or equal to, the lower integral ; (2) these 
definitions agree with Dabboiix's in all cases. 

It is easy to prove that ( 1 ) holds :— 

Theorem i.—The lower limit of the upper summations is not less than the upper 
limit of the lower summations. 

For otherwise we could clearly take a quantity L lying between the upper and 
lower integrals so defined, and find two divisions of the segment so that the upper 
summation for the first division is less than L and the lower summation for the 
second greater than L. If, now, we consider the division of the segment got by 
combining these two divisions, that is, if we divide each of the former sets up into 
the components which it has in common with each of the latter sets, the upper 
summation is not increased nor the lower summation diminished, thus for this 
division the upper summation is less than L and the lower summation greater than L, 
which is impossible. This proves (1) to hold. 

In regard to (2) the following simple example shows that, in the general case, 
there is no agreement between our tentative definitions and those of Darboux. By 
dividing up into sets of points, instead of into intervals, we get a lower value for the 
upper integral than that given by Darboux' s definition, and a greater value than 
the lower integral. 

Example 5.— Take the function which is 1 at all the rational points of the 
segment (0, 1), and zero everywhere else. The Darboux upper integral, from to 1, 
has the value 1 ; the lower limit of all possible upper summations is however 0, since 
the rational points can be enclosed in a set of intervals whose content is as small as 
we please. 

§ 7. I now proceed to show that in the case of a function which is integrable, in 
the ordinary sense of the word, so that the ordinary upper and lower integrals 
coincide, the division into sets of points, instead of merely into a finite number of 
intervals, leads to the same limit, viz., the integral of the function. To see this, we 
have merely to remark that the upper and lower summations are respectively less 
than the ordinary upper integral and greater than the ordinary lower integral, 
except in the case of equality, and that, as shown in the preceding article, the 
lower limit of the upper summations is not less than the upper limit of the lower 
summations. 

Thus we have the theorem :— 

Theorem b.—If a function be integrable in a given segment (region), the value of 
the integral is equal to the limit obtained as follows : divide the segment (region) into 
any finite or countably infinite number of measurable sets of points, multiply the 
content of each set by the upper {lower) limit of the values of the function for points of 
that set, and sum all such products ; then the lower (upper) limit of such summations 
for every conceivable mode of division is the integral of the function. 

§ 8. I next proceed to show that in the case of an upper (lower) semi-continuous 
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function, the upper (lower) integrals may be obtained in a similar way, so that, 
in the case of an upper semi- continuous function the tentative definition discussed 
in § 6 of the upper integral can be retained^ and the same is true of the lower 
integral of a louder semi-continuous function. 

To prove this let us suppose the segment (A, B) = S divided up into a finite or 
countably infinite number of sets of points E b E 2 , .„., so that the corresponding upper 
summation 

differs from the minimum X by less than some assigned small positive quantity e. 

Now round every point P of E x describe a small interval, in which the maximum 
of f differs from the value of f at P by a quantity less than some assigned small 
positive quantity e h We thus get a definite set of intervals enclosing all the points 
of E x ; their content is therefore not less than the content E 1? but we can so construct 
them that it is less than E x 4-e'i, where e\ is another small positive quantity as small 
as we please. In each of these intervals the maximum of the function f is less 
than f + e x . 

Let us do likewise for each set E,., choosing the small quantities so that 

01 + 62+ ••• = e'i + e'2+--- = & 

Applying the Heine-Borel theorem to all these intervals, which enclose every point 
of E b E 2 , ..., that is of (A, B), we can determine a finite number of these intervals 
enclosing every point of (A, B), and we can insure that the content of these intervals 
differs from their sum by less than e. # To each of these intervals we can attach the 
index of the first of the sets E 1? E 2 , from which it was constructed ; the content 
of those which have the index i will then be less than Ei + e',- and the maximum in 
each will be less than f + e,-. Hence the upper summation over the non- overlapping 
intervals, consisting partly of the simple parts of these intervals and partly of the 
overlapping parts, is less than 

(E x + e\) (f + e x ) + (E 2 + ef 2 ) (f + e») + . . . + Me, 

where M is a positive quantity greater than the numerically greatest values of f 
That is, this upper summation is less than X + e + 2Me + Se + e, which, since e is at our 
disposal, proves the theorem. 

A similar proof can be given for the case of the lower integral of a lower semi- 
continuous function, or we may deduce the corresponding theorem in this case from 
the fact that a lower semi-continuous function becomes an upper semi-continuous 
function when its sign is changed, and at the same time the lower integral becomes 
the upper integral. 

Bearing in mind now that the upper integral of a function is equal to that of 

* Cp. " An extension of the Heine-Borel Theorem," ' Messenger of Mathematics/ New Series, No. 393, 
January, 1904, 
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its associated upper limiting function, and that its lower integral is equal to that of 
its associated lower limiting function, # we have the following theorems, corresponding 
to that given at the end of § 7. 

Theorem 6. — To find the upper integral of any Junction we may proceed as follows ; 
divide the segment or region into any finite or count ably infinite number of measurable 
sets of points, multiply the content of each set by the upper (lower) limit of the 
maxima t (minima) of the function at' points of that set and sum all such products ; 
then the lower (upper) limit of all such summations for every conceivable mode of 
division is the upper (lower) integral of the function for the segment or region. 

§ 9. We are now able to define upper artd lower integration over a set of points, 
instead of merely over an ordinary region ; we may, indeed, if we please, suppose the 
function defined only for the set of points. The set will be assumed to be measurable, 
so that, like an ordinary region, it can be divided into component sets, each, of which 
is measurable. 

In the special case in which the content of the set is zero, we define the upper 
and lower integrals to be zero also. In the general case the definition will be as 
follows :— 

Divide the fundamental set S into any finite or countably infinite number of 
measurable components, multiply the content of each component by the upper (lower) 
limit of the maxima (minima) with respect to S of the function at all points of that 
component and sum all such products; then the lower (upper) limit of all such 
summations for every conceivable mode of division is the upper (loiver) integral oj the 
function for the fundamental set S. 

Further, iohen the upper and loiver integrals for S are ecjucd, the function may be 
said to be integrable over that fundamental set S. 

Thus we have defined upper integration, lower integration, and integration over 
any measurable set S in such a manner that, in the particular case when the set S is 
a segment or region, we get the ordinary Riemaim and Darboux integrals. 

§ 10. Summing up our results so far, we saw that, though Darboux's form of the 
definition was preferable to Riemann's, it did not at once lend itself to generalisation. 
I then showed how to modify it so that the number of intervals should not necessarily 
be finite, provided that their content was equal to that of the segment. We then 
saw how the introduction of the maximum (minimum) at a point, instead of the value 

* Cp. Upper and Lower Integration, ' Proc. Lond. Math. Soc.,' Ser. 2, vol. % Part L, p. 55, also § 11, 
below. 

f It should be carefully noted that the maximum at a point of a set is the lower limit of the upper 
limit of the values of the function in a small interval or region containing the point, when that interval 
or region is indefinitely decreased. Similarly for the minimum. In the enunciation of the above 
theorem, therefore, the word " maxima (minima) " has nothing to do with the particular set to which the 
point belongs, the upper (lower) limit, however, is taken with respect to that set, that is, it is the upper 
limit of the maxima corresponding to the various points of that set. Similarly in the definition of § 9 the 
set S takes the place of the segment or region. 
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at a point, permitted of division of the segment into sets of points, instead of merely 
into sets of intervals ; and, finally, that in this form the definition is applicable to 
integration over a set of points. 

There is, however, another mode by which we can define integration with respect 
to a set of points in such a manner as to get the Darboux integral when the 
fundamental set reduces to a segment or ordinary region. This new generalised 
definition is in some respects more closely analogous to the original Darboux definition 
and brings out, more clearly than the one just given, the distinction between an 
interval and a set of points in general, throwing light, as it does, on the question why 
it is that the limit of the upper (lower) summations over a segment is different when 
the segment is divided into intervals from what it is when the division is into set of 
points. Like the Darboux definition, it concerns itself with the actual value of the 
function at a point instead of the maximum (minimum) there, while it divides the 
fundamental set up into components, closely analogous to the intervals in the Darboux 
definition. 

It will be convenient, and conduce to clearness, to give first a few preliminary 
explanations and theorems. We require to define and give one or two properties of 
semi-continuous functions, when the region of existence is a set of points. It will be 
found that the introduction of these functions materially simplifies the treatment of 
the subject. 

§ 11. The definition of an upper (lower) semi-continuous function, defined for any 
fundamental measurable set, does not differ from the usual definition for a segment, 
or ordinary region, the maximum (minimum) in each case is to be estimated with 
respect to the fundamental set alone, in the usual case the fundamental set being that 
segment or region, and in the general case that measurable set. 

Theorem 7. — If a function, defined with respect to a measurable set of points S, be 
an upper (lower) semi-continuous function, the points at ivhich the value of the 
function is >k(^k) form a measurable set. 

Complete the set of points S, i.e., form the smallest closed set H of which S is a 
component. Attribute to the function at the points of H which are not points of S 
the upper (lower) limit of the values of the original function at points of S in a small 
neighbourhood of the point, when that neighbourhood is indefinitely decreased. We 
thus get a function which is upper (lower) semi-continuous with respect to a closed 
set H. By an argument of precisely the same nature as that used for the case when 
H is a segment, it follows that the set of points at which the new function is 
2r Jc (^ h) is a closed set, say Q. 

Since both Q and S are measurable, the same is true of their common component, 
which is none other than the set of points at which the given function, upper (lower) 
semi-continuous with respect to S, is >: h (:< h). [Q.E.D." 

Definition. — If at every point of the fundamental set S we take, as the value of a 
new function at any point, the maximum (minimum) with respect to S of a given 
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function, I call the new function the associated upper (lower) limiting function of the 
given function. Using the term oscillation at a point for the excess of the maximum 
over the minimum, we get a third associated function by taking as value at a point 
the value of the oscillation there, this I call the associated oscillation function. 

Theorem 8. — The associated upper (loiver) limiting function of any function with 
respect to a fundamental set S is an upper (lower) semi-continuous function with 
respect to S. 

For, complete the set S, and let H be the closed set so obtained. Form an 
extended upper (lower) limiting function as in the proof of the preceding theorem. 
The original discontinuous function may be supposed to have the same values in the 
points of (H— S) as this extended upper (lower) limiting function. A proof precisely 
similar to that for the continuum # proves that the new upper (lower) limiting function 
is upper (lower) semi-continuous. 

Now it is plain that, though the points of (H—G) may have points of G for 
limiting points, the upper (lower) limits of the values of the function in the neigh- 
bourhood of points of G are the same for the old and new upper limiting functions. 
Therefore the values of the extended upper (lower) limiting function at the points of 
G are the maxima (minima) with respect to either II or G, so that the old upper 
(lower) limiting function is upper (lower) semi-discontinuous with respect to S. 

[Q.E.D.] 

Corollary. — The associated oscillation function, being the sum of two upper semi- 
continuous functions ,f is itself an upper semi-continuous function. 

Theorem 9.— -If S ; be a component of the fundamental set S, such that all the 
limiting points of S 7 which belong to S are contained in S 7 , then the upper {lower) limit 
of a function in (S — S') is the same as that of the associated upper (lower) limiting 
function in (S— S 7 ). 

This follows from the fact that the maximum (minimum) at any point P of (S — S 7 ) 
is unaffected by the values of the function at the points of S 7 , since P is not a limiting 
point of S 7 . Whence the result is easily deduced. 

The fact that the value at a point of an upper (lower) semi-continuous function is 
the maximum (minimum) at that point in the case of such a function, enables us to 
substitute the word value instead of maximum (minimum) in the definition of 
integration. 

The definition in this case takes the following simplified form :— 



Divide the fundamental set S into a finite or countably infinite number of 
measurable components, multiply the content of each component by the upper {lower) 
limit of the values of an upper {lower) semi-continuous function at points of that 
component and sum all such products; then the loiver (upper) limit of all such 

* Baire, * Ann. di Mat.' (3), vol. III., 1899. 

t This property is evidently unaffected by the substitution of a fundamental set instead of a segment 
or region. 
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summations for every conceivable mode of division is the upper {lower) integral of the 
semi-continuous function for the fundamental set S. 

Taking this as the definition of the upper (lower) integral in the case of an upper 
(lower) semi-continuous function, the definition in the general case is equivalent to 
the following . — 

Theorem 10. —The upper (lower) integral of any function with respect to any 
measurable set S is the upper (lower) integral of its associated upper (lower) semi- 
continuous function. 

§ 12. The division of the continuum adopted by Darboux is, as has been proved, a 
special case of a more general division of the continuum into intervals, by means 
of which we obtain an upper summation differing by as little as we please from the 
upper integral. This division was such that the sum of the intervals was equal to 
that of the segment, while each interval had to be less than a quantity which 
depended only on the degree of approximation desired. 

When the fundamental set S is not the continuum, but merely any measurable 
set, we can, given any small positive quantity e\ find a set of intervals enclosing 
every point of S, that is, having every point of S as an internal point, the content 
of the intervals lying between S and S + e'. If we assign any small positive 
quantity e, there will only be a finite number of the intervals which are not less 
than e, since their content is finite. Each of these we can divide into a finite 
number of parts less than e, or we can in any other way determine inside the 
intervals a set of intervals enclosing all points of S, with the possible exception of a 
component of S of zero content. 

In each of these intervals there is a measurable component of S of content less 
than e, and the sum of all these components is S. This division of the set S will be 
found to correspond very* closely to the division of the continuum contemplated 
above, which is, of course, a special case of such a division; in particular it will be 
shown to lend itself conveniently to form approximations to the upper integral. 

I shall, for convenience, refer to such a division as a division of S by means of 
segments (e, e f ) ; and the upper summation ot any function over these components 
I shall call the upper summation with respect to S over the intervals. 

§ 13. Theorem 11. — -Given any small positive quantity e u we can determine a 
positive quantity e 2 , such that, if the fundamental set S be divided in any manner 
by means of segments (e, e'), then, provided only e :< e 2 , and e f < e 2 , the upper 
summation of the function ivith respect to S over these segments differs by less than e x 
from a definite quantity I, the lower limit of all such upper summations, when S is 
divided by means of segments. 

For, I being a lower limit, we can determine a set of intervals enclosing S, such 
that the upper summation with respect to S over these intervals lies between, 
I and I + a, where 

YOL. CCIV, — A, 2 H 
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Also, by the definition of content, we can determine a set of intervals containing 
S, whose content lies between S and S + ?>, where 

M being any quantity greater than the greatest numerical value of the function in 
question for points of S. 

The set of intervals consisting of the common parts of these two sets will contain 
S, have content lying between S and S + &, and also be such that the upper summation 
with respect to S over it has a value lying between I and 1 4- a. From among the 
intervals of this set, we can determine a finite number «, such that the sum of the 
remaining intervals is less than b. The content of the component of S which is not 
external to these intervals is not less than S — ft. The upper summation over the 
remaining intervals is, by 2, numerically less than a ; therefore the upper summation 
over these n intervals is less than I + 2a. 

Let us now consider any division of S by means of segments (e, e'). There cannot 
be more than 2n of these which lie partly inside and partly outside the n intervals. 
The contribution of these to the upper summation will therefore be numerically less 
than 2^M<3. 

Since, by what has been shown, the segments which are not entirely external to 
the n intervals, enclose a component of S of content not less than S — 6, the sum 
of those segments which are external to the n intervals is not greater than 
S-fe'— (S — &), that is e+b ; their contribution therefore to the upper summation is 
less than M (e + b) numerically. 

Finally the contribution made by those segments which lie each inside one of the n 
intervals cannot be greater than the upper summation over those intervals, that is 
cannot be greater than X-f-2a. Hence the upper summation over these segments is 
less than I + 3a + M(e' + 2?ie). Using (1), it follows that we have only to take 

e 2 = ei/2M(l + 2n) 

so that the upper summation over the segments may differ from I by less than e x ; 
this proves the theorem. 

§ 14. It is clear from the above proof that, when we divide S by means of 
segments (e, e'), it is immaterial whether, in estimating the upper limit with respect 
to S over any segment, we include the end-points of that segment (supposing them 
to belong to S), or not ; the potency of the points of S not included will in either 
case be the same, and, as the theorem shows, in either case the upper summation will 
be within e ± of the limit I, provided only e and e ; are sufficiently small. 

Suppose, then, we exclude the end-points of every segment. Then the upper limit 
of the values of the function for points of S inside any segment being the same as 
that of the associated upper limiting function, we have the following result ; — The 
quantity I is the same for a function and its upper limiting function, 
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§ 15. Theorem 12. — The quantity I is the upper integral of the function ivith 
respect to S. 

The result of the preceding section, together with the fact that the upper integral of a 
function is the same as that of its upper limiting function, show that it is only necessary 
to prove the present theorem for upper semi-continuous functions. 

Let f be an upper semi-continuous function, and let us suppose the fundamental 
set S divided up into a finite or countably infinite number of sets of points, E b E 2 . . . so 
that the corresponding upper summation 

differs from the upper integral X by less than some assigned small positive quantity e. 
Round every point of E x we can describe a small interval, in which the maximum 
of f with respect to S differs from the value of f at P by a quantity less than, say 
e u where 

61+62+ ••• = e ; 

and this interval may be decreased indefinitely. That is, we have a set of tiles, # each 

of which may be chipped as much as we please, and their points of attachment fill up E 1# 

Applying the Tile Theorem, we obtain a finite or countably infinite set of the 

tiles, each less than e, covering up every point of E 1? and the sum of the tiles is less 

than Ex + e'i, where , , , , 

6 / 1 + e / 2 +... = e!. 

In like manner we get a set of tiles from each set E 2 . Applying the Tile Theorem 
to the set of all these tiles, since their points of attachment fill up S, we obtain a 
finite or countably infinite set of them, covering every point of S, and the sum of all 
is less than S + e ; . 

To each of these tiles d v we make correspond the lowest integer i such that its 
point of attachment P belongs to E,- ; the sum of the tiles corresponding to any 
particular integer i will then be less than E f - + e iy and the maximum of / in each will 
be less than or equal to f + ej. 

Now, if we include the boundary points of any interval, the set of intervals 
consisting of (1) the simple parts and (2) the overlapping parts of the tiles, leaves 
no points of S over, and gives us therefore a division of S by means of segments 
(e, e f ). ' Of these, the sum of the overlapping parts is less than e', since the content 
of the tiles is not less than S, and their sum not greater than S + e'; thus the 
contribution of the overlapping parts is numerically less than Me'. The contribution 
of the simple parts, on the other hand, is less than the upper summation over the 
tiles themselves, that is, less than 

(f x + e x ) (Ex + e\) + (/ a + e 2 ) (E 2 + e' 2 ) + . . . 
Thus the upper summation over these segments (e, e') is less than 

X+e + Se+Me' + ee' + Me'. 

* Op. " The Tile Theorem," < Proc. Lond. Math. Soc.,' Ser. 2, vol. 2, Part L, p. 67. 

2 H 2 
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Choose e and e f so small that 1) this is less than X + €, and 2) it differs from I by less 
than € (by Theorem 11), e being an assigned small positive quantity as small as we 
please, which proves that in this case X and I must be identical, and so, as already 
pointed out, proves the theorem. 

§ 16. It is now possible to give the promised alternative definition of integration; 
the preceding theorems prove the equivalence of the two definitions : — 

Definition.-— Let the fundamental set, excluding at most a set of points of zero 
content, be enclosed in or on the borders of a set of non- overlapping segments each 
less than e. and of content less than S + <?. Then let the content of that component 
of S in any segment be multiplied by the upper (lower) limit of the values of the 
function at points of that component, and let the summation be formed of all such 
products. Then it may be shown that this summation has a definite limit when e is 
indefinitely decreased, independent of the mode of construction of the segments and 
the mode in which e approaches the value of zero. This limit is called the upper 
(lower") limit of the function with respect to the fundamental set S. 

In the special case when the tipper and lower integrals agree, the common value is 
called the integral of the function, 

§ 17. To find the condition of integrability of a function with respect to a funda- 
mental set, we require the following theorem :— 

Theorem 13. — The upper {lower) integral of the sum of any finite number of upper 
[lower) semi-continuous functions with respect to a fundamental set S is the sum of the 
upper integrals of those functions. 

Let F be the sum of two upper semi-continuous functions f x and/ 2 ; then F is itself 
upper semi-continuous. Then, by Theorem 11, e x being assigned, we can determine e 2 
so that if S be divided by means of segments (e, e') and the corresponding upper 
summations formed, then provided only e and e f are each less than e 2 , the summations, 

/ 11^1 *J 12^2 ' • * * • • » • * e - • • • \ /> 

.M +/**.+ ... • (2), 

Ju iS-y -f- JP 2<§2 ~r • • • • • " ' * \ / ' 

differ from the corresponding upper integrals by less than e±. 

Since fuf%> and F are all upper semi-continuous with respect to S, we can, to each 
point P of S, determine an interval round P, such that the maxima of f l9 f 2 , and F in 
that interval differ from the corresponding values of f u / 2 , and F, by less than some 
assigned small positive quantity e s , and this interval may be indefinitely decreased. 

Applying the Tile Theorem, we see that every point of S is covered by one at 
least of a countable number of these tiles, each less than e, no point of attachment 
being covered by any other tile, and the sum of the tiles differing from S by less 
than e'. Thus we may take as our segments (e, e!) those respectively covered by the 
simple and overlapping portions of these tiles, if we include the boundary points of 
each such segment in it. 
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The upper summation over the overlapping parts is in each of the three cases 
numerically less than Me', where M is a quantity greater than the greatest numerical 
values of f u f 2 , and F. The simple part Si of any tile d F . contains the point of attach- 
ment P;, therefore the upper limit in that part differs from the value at P hy less 
than e 3 . Thus the upper summation over the segments lies between 

Sifi (Pi) + s 2 /i (P a ) + . . . - c'M and sj\ (P x ) + s 2 f x (P a ) + . . . + e 3 S + e'M. 

Thus, denoting by 6 with any distinguishing suffix or accent a quantity numerically 
less than 1, _ 

d 1 e 1 + \f l ds = e/Me'.+ d/'Se.+sJ, (P 1 ) + « 2 / 1 (P 2 )+ ... 

with similar equations for the other two functions. 

Now the summation 

s 1 F(P 1 ) + $*F(P a )+... 

is the sum of the corresponding summations for f\ andj^ ; whence it follows that the 
upper integral J Yds differs from the sum of the upper integrals of f x and f 2 with 
respect to S by a quantity which is smaller than any assigned positive quantity, 
which proves the theorem. 

§ 18. Denoting by f u -~f 29 and F the associated upper, lower, and oscillation 
functions of a given function f, the three functions f u f^ and F are all upper semi- 
continuous with respect to the fundamental set, and F is the sum of f x and f 2 . 

The upper and lower integrals of f with respect to the fundamental set are, by 
Theorem 10, the upper integral of f x and the lower integral of — f 2 respectively, and 
the latter is minus the upper integral of f % . Thus the excess of the upper over the 
lower integral of f with respect to the fundamental set is the sum of the upper 
integrals ofyi andj^, that is, by Theorem 13, the upper integral of F with respect to 
the fundamental set. 

Thus f will be integrable with respect to the fundamental set if, and only if, the 
upper integral of its associated oscillation function be zero. 

Let G^ denote the component of the fundamental set at which F has a value greater 
than, or equal to, h ; by Theorem 7, G^ is a measurable set, let its content be I*. 
Then if, omitting at most a component of zero content, we enclose the fundamental 
set by means of segments (e, e f \ since the common part of two measurable sets is 
measurable, there will be at most a component of G/ c of zero content not included in 
the segments, and the remaining component of G^ will have content 1^. Thus the 
content of the components of the fundamental set in segments containing points of 
G^ will not be less than 1^., and the upper limit of F in each will not be less than k. 
Hence the upper summation will not be less than \Jc. 

Thus it is clear that the upper integral of F cannot vanish unless, for all positive 
values of k, 1^ is zero. 

Theorem 14.^ — Thus the necessary and sufficient conditions that a function f should 
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be integrable ivith respect to a measurable set S, is that the content of that component 
of S at every point of which the oscillation of f is greater than, or equal to, k should, 
for every value of h, be zero, 

Remembering that the outer limiting set of measurable sets is measurable, and has 
for content the limit of the contents of the defining components, this gives us the 
following alternative statement :— 

The necessary and sufficient condition that a function should be integrable with 
respect to a measurable set S is that the content of that component of S, at every point 
of which the function is continuous with respect to S, should be equal to the content 

§ 19. With the ordinary definition of upper (lower) integration, or of integration, it 
was at once evident that if the segment or region of integration were divided into 
two parts (segments or regions), the sum of the upper (lower) integrals over the 
separate parts was the upper (lower) integral over the whole segment or region. 

Theorem 15.— More generally, it is evident from Theorem 1 that the sum oj 
the upper (lower) integrals over any set of non-overlapping segments or regions is 
equal to the upper {lower) integral over the whole segment or region, provided only 
the content of those segments or regions is the same as that of the fundamental 
segment or region. 

That this is not so for the general case when the fundamental set of points, whether 
a segment or not, is divided into component sets is shown by the following simple 
example :— 

Example 6. — -Let f be zero everywhere except at the rational points of the 
segment (0, 1), and let f have the value unity at the rational points, and consider 
the integrals over the rational and irrational points separately ; both of these are 
zero. The upper integral over the whole segment is however unity, and the lower 
integral is zero. 

The alternative definition of upper (lower) integration, given in §11, shows that 
when the two component sets consist of parts of S obtained by means of segments, 
the sum of the upper (lower) integrals over the two components is the upper (lower) 
integral over the whole fundamental set. 

Theorem 16. — More generally, the sum of the upper (lower) integrals over any 
finite or countably infinite number of non-overlapping components of S obtained by 
means of segments (e, e f ), is the same as the upper {lower) integral over the whole 
fundamental set, provided only the content of the components is equal to that of the 
fundamental set. 

An upper (lower) semi-continuous function stands here again in an exceptional 
position. We have, in fact, the following theorem :— 

Theorem 17. — -The upper (lower) integral of an upper [lower) semi-continuous 
function over any fundamental set S is equal to the sum of its integrals over every 
finite or countably infinite number of sets into which S may be divided. 
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This follows from the definition at the end of § 11 ; for if we divide the funda- 
mental set S into (for instance) two measurable components S x and S 2 , and then 
subdivide all three by means of segments, the definition shows that, in the case of an 
upper semi-continuous function, the sum of the upper summations over the segments 
with respect to S x and S 2 is not less than the upper integral. But in each segment 
the sum of the contents of the parts of S x and S 2 is the content of the corresponding 
part of S, while the upper limit corresponding to S is the greater of the upper limits 
corresponding to S x and S 2 , so that the sum of the upper summations for $1 and S 2 is 
not greater than the upper summation for S. Thus the sum of the upper summations 
with respect to S x and S 2 lies between the upper integral with respect to S and the 
upper summation with respect to S. And since, by properly constructing the 
segments, we can make the upper summations difl ? er by as little as we please from 
the corresponding upper integrals, this proves the theorem. 

The above method of proof shows at the same time why it is that the theorem does 
not hold for every function, for, if we form the associated upper limiting functions with 
respect to S x and S, the values at the different points of S x are not alwa}/-s the same. 

§ 20. If in finding upper (lower) integrals we wish to divide the fundamental set 
up into convenient components, we must first replace the function by its associated 
upper (lower) limiting function. 

Example 6 is a particularly instructive one ; the function is integrable over each 
of the two component sets into which the segment which is the range of variation is 
divided, and is not integrable over the segment itself. We easily see, however, that 
the following theorems hold : — 

Theorem 18. — If a function be integrable over the fundamental set S, it is integrable 
over every component set of S. From Theorem 17 it now follows that 

Theorem 19. -—The integral of an integrable function over its fundamental set S is 
equal to the sum of its integrals over every finite or countably infinite number of 
components into which S may be divided. 

For, as has been shown in the preceding section, the upper integral of a function 
over the fundamental set S cannot be less than the sum of the upper integrals over 
the component sets ; and the lower integral of the function over S cannot be greater 
than the sum of the lower integrals over the component sets. Since, however, the 
function is integrable over S, it is also integrable over each of the components. 
Therefore the integral over S cannot be less nor greater than the sum of the integrals 
over the components, so that it must be equal to this sum. [Q.E.D.] 

In this connection, it should be rioted that the integration of an integrable 
function (which has finite upper and lower limits) involves nowhere the idea of order, 
even when, for convenience, we determine it as the sum of a countably infinite 
number of integrals. The series of such integrals is an absolutely convergent one, 
and it has the same sum however it be arranged. 

Theorem 20, — The sum of the integrals of any finite number of integrable functions 
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taken over the same fundamental set S is equal; to the integral of the sum of the 

functions taken over the set. This follows from Theorem 13, which asserts the same 

for upper (lower) integrals of upper (lower) semi- continuous functions. The proof is of 

precisely the same nature as the preceding, 

■§21. We now proceed to obtain a formula for the upper (lower) integral of an 

upper (lower) semi-continuous function over any measurable set of points, in terms of 

an ordinary integral. These formulae of course at the same time give us the upper 

(lower) integral of any function, by reason of § 11. 

Let K 7 be any quantity not less than the greatest, and K not greater than the 

least, value of an upper semi-continuous function f defined for a fundamental set S. 

Divide (K, K') into n parts, and consider the sets of points G 1? G 2 , ... G w , where G r 

K'—K . 

denotes all those points of S for which f is =£ K ; — — — - r, and G n is S, so that 

1 n 

S = G 1 -i-(G 2 — Gx)+ . .. -t-\Q n — m Q n -i)* 

By Theorem 7, G 1? G 2 , ... are measurable sets ; let I u X 2 , ... be their contents. Then 
by the definition at the end of § 11, the upper integral, being not greater than any 
upper summation, is not greater than 



K'~%^(n~l)}(I^^ 

K'— K 

— (Ii -f I 2 -f . . . + \ h -\ + ± n ) + Kl^, 

n 

however great n may be, and is therefore 

rK! 

IdA + KS, 

K 

since I is a monotone function of k and therefore an integrable one. 

Here S is the content of the fundamental set, and I that of the set of* points for 
which the values of the function are greater than or equal to k. But it was shown, 
in § 6, that for any function whatever the greatest value of the lower summations is 
certainly not greater than the least value of the upper summations, therefore the 
upper integral is not less than all the lower summations. Hence the upper integral 
is certainly not less than 



n i \ n J 



n 



■«- — — — - ft J \A- n -~~l-n~l)) 
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that is, not less than 

— Mj-f- ... 4- L n _ l ) + K.l ni 

. . n . 

and therefore not less than \ ldk + KS. # 

Hence, finally the upper integral is actually equal to KS + Idk. In precisely 

the same way it may be shown that the lower integral of a lower semi-continuous 
function can be expressed as an ordinary integral. For variety I give the following 
proof. 

Let f be a lower semi-continuous function, and f f ~ —f; then f ! is an upper semi- 
continuous function ; and if K be not greater than the lower limit of f and K' not 
less than the upper limit of/, then — K' is not greater than the lower limit of/', and 
— K not less than the upper limit of/'. Hence, by what has just been proved, 



fdx = ~\ f'dx = - ( _ K') S - JdV, 






where J is the content of the set of points of S at which f has a value > k\ 

Writing k = —k\ we have for the lower integral of f the expression K'S — Jdk, 

where J is the content of the set of points of S at which f has a value r^f k. 
Summing up, we have the following theorems : — 

Theorem. — The upper integral of an upper semi- continuous function with respect to 

.a measurable set S is KS-b Idk, where I is the content of that component of S at 

every point of which the function has a value greater than or equal to k. 

Theorem 21. — The lower integral of a lower semi- continuous function ivith respect 

fie 
Jdk, where J is the content of that component ofS at 
K 

every point of ivhieh the function has a value less than or equal to k. 

In both these theorems K and K ; are quantities which are respectively less than or 
equal to the lower limit, and greater than or equal to the upper limit of the function 
for points of S. Hence also 

Theorem 22.— The upper integral of any function with respect to a measurable set 

S is KS + j Idk, where I is the content of that component of S at every point of 

" K 

which the maximum of the function is greater than or equal to k. 

The lower integral is K'S-- Jdk 9 where- J is the content of that component of S 

J K 

at every point of which the minimum of the function is less than or equal to k, 



* This argument shows that in the case of an upper semi-continuous function the upper integral is equal 
not only to the lower limit of the upper summations, but also to the upper limit of the lower summations 
the latter is not to be confounded with the lower integral. Similarly for a lower semi-continuous function 
both limits give the lower integral. 

VOL. CCIV. — A. 2 I 
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§ 22. By § 18 the condition that a function should be integrable with respect to a 
measurable set S is that the upper integral of the associated oscillation function 
should be zero. The latter function is upper semi-continuous, by the corollary to 
Theorem 8, so that we can apply the preceding theorem, putting K = 0, since this 
function is always positive or zero. 

rK> 

Thus the condition of integrability is that (Jc)dk should vanish, where (k) is the 

content of that component of S at every point of which the oscillation of the given 
function is k. This is only possible if (k) is zero, except possibly at a set of values 
of k of zero content ; as however, if (k) were positive for any value of k, it would 
be positive for every lesser value of k, and therefore for a set of values of content 
greater than zero, it is clear that there can be no exception. Thus we get again the 
condition of integrability obtained in § 18 (Theorem 14). 

§ 23. When the function is integrable, the upper and lower integrals are equal, 
otherwise the upper is the greater, thus 



KS+ Ictt^K'S- J^" 

J K J K 



K * ! K 

therefore 



K 



Now no point can be such that the maximum there is less than k while the minimum 
is greater than k; thus every point of S belongs to at least one of the two sets 
I and J. Let L denote the content of the set of points common to both I and J, 
then # 

ITT C~**i T" 

-f J = b -f -Li. 

Whence 

(S + L)d&E-(K'-K)S, that is | Lctt^O, 

the sign of equality being allowable if, and only if, the function / is integrable. 

Now L is the content of the set of points at each of which the maximum ^ k, while 
the minimum is :S k ; these points consist of :~— 

(1.) Points of continuity at which /= & ; 

(2.) Points of discontinuity at which either the maximum is >k and tlie 
minimum ^k 9 or the maximum = k and the minimum <k. 

But it is clear, as at the end of § 22, that if for any value of k the content of the 
set (2) were not zero, there would be a set of values of k of positive content, for each 
of which the content of the set (2) would not be zero ; L would then not be a null 
function and the given function would therefore not be integrable. 

Thus we get a new form of the condition of integrability, and also theorems 
relating to the distribution of the points of continuity of an integrable function, and 
the values of a continuous function : — 

* < Theory of Content,' p. 49, (5). 
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Condition of Integr ability. — The necessary and sufficient condition for the 
integrability of a function f over a measurable set S is that the content L of the set 
of points for which the maximum of the function is =2: k while the minimum < k, 
should be a function of h ivhose value is zero, except for a set of values of k of 
content zero ; for each of these values of k the points of discontinuity of the function 
still form a set of content zero. 

Theorem 23. — The content C of that component of the fundamental set whose points 
are points of continuity at tvhich an integr able function = k, is a function of h ivhose 
value is zero, except for a set of values of h of content zero. 

Theorem 24. — The content C of that component of the fundamental set at ivhose 
points a continuous function = k, is a function of h ivhose value is zero, except for a 
set of values of k of content zero. 

§ 24. We now return to the tentative definitions of § 6, which we saw did not agree 
with the usual definitions. On the other hand, the definitions we have since 
constructed seem more artificial than these. It suggests itself, therefore, that the 
most logical plan is to throw overboard the Riemann and Darboux definitions 
altogether, and to define an integral as follows : — 

Let the fundamental set be divided into measurable components in any conceivable 
way, and let the content of each component be multiplied by the upper (lower) limit of 
the values of the function at points of that component, and the sum of all such products 
be formed ; then the outer {inner) measure of the integral is defined to be the lower 
{upper) limit of all such summations. 

If we assume either that all sets are measurable, or that all functions are such that 
the points for which the values of the function are > k (^k) are measurable, or that 
the functions with which we are concerned have this property, the argument of § 21 
still applies, and we can assert that the outer measure is equal to the inner measure 
of the integral, and that each can be expressed in either of the two forms 

KS+Tldk, K'S-F'jdk, 

J K J K ' 

where I and J are the contents of those components of S, at every point of which the 
function has values respectively ^ k and < k. 

It is not known whether any but measurable sets exist, or whether any functions 
can be constructed not having the above property. M. Lebesgue has, therefore, used 
the term summable to denote the functions under consideration. 

Precisely as in § 22 we can now prove the following theorem : — - 

Theorem. — The content G of that component of the fundamental set at every point 
of which a summable function has the value k, is a function of k whose value is zero 
except Jor a set of values of k of content zero. 

In the case of a summable function, therefore, the outer and inner measures of the 
integral agree, and we may call either the generalised integral of the function. As 

2 I 2 
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we have seen, functions which are intestable in the old sense are intestable in the 
new sense, and the integrals agree, but the converse Is not true. In the ease of an 
upper (lower) semi-continuous function, the generalised integral is the upper (lower) 
integral. 

§ 25. Lebesgue gives two definitions of his generalised integral, which I shall, for 
convenience, allude to as the Lebesgue integral. 

The first is a geometrical definition, and has the disadvantage that the positive 
and negative values of the function have to be considered separately. It is as 
follows :— 

Geometrical Definition of the Lebesgue Integral — Let f be a function defined for 

every point of a finite segment (a, b) ; consider the plane set of points defined by the 

three inequalities*" 

a^x^b, yf(x)>0 9 Q^y^^fixf. 

Let Ei and E 2 be the two parts of E respectively above and below the axis of x 
(the points on the axis of x may be considered as belonging to whichever we prefer 
Ei or E 2 ). If E is a measurable set, then both E t and E 2 are measurable, t In this 
case the function f is said to be summable, and the excess of the content of E x over 
that of E 2 is defined to be the Lebesgue integral of / over the segment (a, 6). 

Lebesgue' s second definition is analytical. 

Analytical Definition of a Summable Function. — -A summable function is such that 
the set of values of x, for which the values of the function lie between any two 
quantities a and b, is measurable. Conversely, if this condition is satisfied, and the 
upper and lower limits of the function are finite, the function is summable. 

Analytical Definition of the Lebesgue Integral— Lei the region of variation of f(x) 
be denoted by (k 09 \) 9 and let it be divided into n parts each less than a, say, at the 
poino fC\) /£ 2 , . . . /£ n _i« 

Let e- % denote the content of those points x at which /=&,•; and e'i that of the 
points x at which k i ^ 1 <Cf(x)<.k i . 

Then it may be shown that the two summations 



n n h 



%k i e i + %k i _ie! i and %k i e l -\-tk/ l 

1 1 

have a common limit, when a is decreased indefinitely ; this limit is the Lebesgue 
integral of f{x) from a to 6. 

The identity of the two definitions is easily proved ; in the case of a function which 
is always positive, the former of the two given expressions evidently represents the 

* Here I have corrected an obvious misprint in Lebesgue's paper. 

t This is stated without proof by Lebesgue in § 17 ; it is a special case of the theorem of § 18, p. 251. 
A more simple proof is afforded by considering Ei as the common part of E and a sufficiently large 
rectangle on the given segment as base and lying on the positive side of the se-axis, and E 2 as the difference 
between E and E x ; since the common part or the difference of two measurable sets is measurable. A 
similar proof applies to the theorem of § 18, given below here as the analytical definition. 



DR. W. H. YOUNG ON THE GENERAL THEORY OF INTEGRATION. 245 

content of a plane set containing the set E, and the latter the content of a plane set 
contained in E, so that the common limit must be the content of E. In the case 
when the function is sometimes positive and sometimes negative, the sum of the 
positive terms of the first summation is the content of a set containing E 1? and the 
sum of the negative terms, taken with positive sign, is the content of a set contained 
in E 2 ; similarly the second summation is the content of a component of Ei minus the 
content of a set containing E 2 ; thus the common limit must be the content of Ei 
minus that of E 2 . Thus the two definitions are identical. # 

The second of Lebesgue's definitions enables us without difficulty to identify the 
Lebesgue integral with the generalised integral which I defined in § 24. In fact, 
comparing Lebesgue's notation with that used by myself in § 21, it is clear that 

^i-l + ^i ~ l-n-i + l *-n~i* 

Whence the former of the two given expressions is equal to 

#0 (l>i"—lw-l) + ^l (I«-1~~1h-2)+ ••• +^>i-l (Il~Io) + ^J 

that is, 

which, as a is decreased indefinitely, approaches the limit 



0? 



0? 



KS + 



Idle, 

K 



that is, the generalised integral of § 24. 

Thus the Lebesgue integral is the same as the generalised integral of § 24, the 
fundamental set being a finite segment. 

§ 26. Contrasting the definition of § 24 (S being now a finite segment) with the 
geometrical definition of Lebesgue, we see that they stand to one another in the 
same relation as the ordinary definition of integration of, say, a continuous function 
to its definition as a certain area. Just as, however, the mathematical conception of 
area is more complex than and indeed depends on that of length, so does the theory 
of the content of a plane set of points depend naturally on that of the content of a 
linear set. Just as the determination of area requires the application of the processes 
explained in the first definition of integration of continuous functions, so with the 
content of a plane set. Thus the comparative simplicity of the geometrical definition 
is only apparent. With regard to Lebesgue's analytical definition, I have pointed 
out that it is equivalent to what seems to me the much more convenient form in 
which I have expressed it as an ordinary integral (§ 24). 

If we know I as a function of k 9 which may be the case, all Lebesgue integration 
and all upper and lower integration reduce to ordinary integration. It may, however, 
happen that I is not readily found as a function of h The definition of § 24 seems 
then the most fundamental, and is, in many respects, very convenient in the theory. 



* 



Lebesgue, he, ciL, p. 252. 
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§ 27. It is instructive to show the identity of Lebesgue's geometrical definition 
with that of § 24 (S being a finite segment) directly. At the same time it should be 
remarked that the argument is independent of the fact that S is a finite segment, so 
that we have some general theorems with respect to the geometrical representation of 
the processes of integration with respect to a set of points to which I shall return 
in § 32. 

Lemma 1. — If at every point of a measurable set G on the x-axis of content I tve 
place an ordinate of length p, the plane set constituted by this set of ordinates, or, 
as I shall call them^ for definiteness, this set of blocks, is measurable and has 
content pi. 

For we can enclose G in a set of non-overlapping intervals of content less than 
I + e, Erecting on these rectangles of height p + e, we have enclosed the whole plane 
set in a set of rectangles of content as near as we please to pi. On the other hand, 
taking in E a closed set of content greater than I — e, the corresponding set of 
blocks forms a closed set of content as near as we please to pi. Thus the outer 
measure of the content of the set of blocks is not greater than pi, and the inner 
measure of the content is not less than pi, which proves the Lemma. 

Suppose now we are given any measurable set S, and on S as base any set of blocks. 
Let us denote the length of the block at the point x by X, and, for simplicity, let us 
first consider X as being always positive. Then, if we divide S in any manner into a 
finite or countably infinite set of measurable components, S b S 2 ... 3 and at each point 
of Si we replace the given block by one of length equal to the upper limit of the 
lengths of the blocks at points of S^, we get a new set of blocks which, regarded as a 
plane set of points, contains the given set of blocks. Since the sum of a finite or 
countably infinite series of non-overlapping measurable sets is a measurable set whose 
content is the sum of the contents of its components, it follows that the new set of 
blocks constitutes a plane set of points which is measurable, and has for content, by 
the Lemma, the upper summation of X over S corresponding to the mode of division 
adopted. Hence the outer measure of the content of the plane set of points 
constituted by the given set of blocks is not greater than this upper summation, and 
therefore, since this is true for every mode of division, not greater than the outer 
measure of the integral of the blocks over S. Similarly for the lower measure of the 
integral. 

If, on the other hand, X be sometimes positive and sometimes negative, we must, 
as Lebesgue does, consider separately the positive and negative blocks ; thus we get 
the following theorems : — 

Theorem 25. — An upper or lotver summation is the difference of the contents of tivo 
measurable sets of blocks, one on the positive and one on the negative side of the axis 
of x. 

Theorem 26. — -Given any set of blocks on a measurable set 8, the outer measure of 
the content of the plane set of points constituted by the positive blocks minus the inner 
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measure of the content of the negative blocks is not greater than the outer measure of 

the integral of the blocks over S. 

Similarly, the inner measure of the content of the positive blocks minus the outer 

measure of that of the negative blocks is not less than the inner measure of the integral. 

In symbols 

E ± ° - E 2 f < 1°, Ex*' - E 2 " ^ P, 

where E, and E 2 are respectively the set of points constituted by the positive and the 
negative blocks, and I denotes the integral, the indices o and i denote outer and inner 
measures respectively. 

Denoting the sum of E x and E 2 by E, and supposing the upper and lower limits of 
the lengths of the blocks to be finite, E x and E 2 are the common parts of E, and the sets 
of blocks on S as base whose heights are respectively the upper and the lower limits of 
the lengths of the blocks, both these sets of blocks are measurable. Thus we see that, 
if E is measurable, E x and E 2 are so also, so that 1° and V are equal to one another 
and to the difference of the contents of E x and E 2 , that is to say, a summable 
function is integrable in the generalised sense of § 24, and the integral as defined in 
Lebbsgue's geometrical manner is the integral as defined in § 24, S being a finite 
segment. 

Conversely, if 1° and I* are equal, 

but since the outer content of a set is not less than the inner content, 

Ei*-E 2 * ^ Ei'-Ea , whence Ei°-E 2 * -= E^-E/. 
Therefore 

E^ + E 2 ° = IV + E 2 *, 

and therefore, since the outer measure of the content of E is not greater than E^-fE/, 
and the inner measure is not less than E^ + E*/, the inner and outer measures 
of the content of E are equal, and E is a measurable set. Thus a function ivhich is 
integrable with respect to a finite segment in the generalised, sense of § 24 is a 
summable function, and its integral is the Lebesgue integral, by Lebesgue's geometrical 
definition. 

Summing up the results of this section, we have the following theorem : — 

Theorem. — Lebesgue integration is identical with generalised integration with 
respect to a finite segment 

§ 28. In general, without confining our attention to finite segments, we have from 
what has been shown the following geometrical definition of generalised integration 
with respect to a measurable set S : — 

Geometrical Definition.— At each point x of a measurable set S draiv an ordinate 
{block) equal to the value of a function defined for every point of S, the outer measure 
of the content of the positive blocks minus the inner measure of the negative blocks is 
called the outer measure of the integral function with respect to the fundamental set. 
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- Set B.— If the tvhole set of blocks is measurable, the function is said to be integrable 
in the generalised sense (or summable) with respect to the fundamental set S. In this 
case the positive blocks alone form a measurable set, and so do the negative blocks, 
dnd the excess of the content of the positive over that of the negative blocks is called 
the generalised integral of the function with respect to S. 

Lebesgue (p. 255) has occasion to use integration with respect to a measurable set, 
but only in the case when the set is contained in a finite segment. The mode of 
definition adopted by him is that of completing the function by ascribing to it the 
value zero at all points of the segment other than those of the set in question, and 
then defining the integral of the function with respect to the fundamental set as 
equal to that of the extended function in the whole segment. In this case the 
generalised integral so defined is evidently the same as that defined above and in 
§24; the mode of definition is, however, open to some objection; characteristic 
properties of the function such as continuity or semi-continuity with respect to the 
fundamental set, which materially simplify the properties of the integral, are not 
maintained by the extended function ; on the other hand the definition suggests a 
difficulty, when dealing with fundamental sets of finite content not lying in a finite 
segment, which is entirely illusory, and gives a pre-eminence to the finite segment as 
region of operation which it does not in reality in any way possess. 

§ 29. Lebesgue's theorem that the sum of two summable functions is a summable 
function, and its integral is the sum of their integrals, is equally true when the 
fundamental set is any measurable set of finite content. It is an immediate result of 
any of the definitions that this is the case when one of the functions is a constant, 
thus, the upper and lower limits being as usual finite, if the theorem is true for 
positive functions it is true always. In the case of positive functions the theorem is 
geometrically equivalent to the following :-— 

. Theorem 27. — ■Given any set of positive blocks forming a measurable plane set of 
points, the blocks may be shifted up parallel to themselves ivithout altering the content 
of the set, provided the amount of shifting at each point x is a summable function of x. 

Divide the base S up into any number of measurable 
q components Si, S 2 , ... and consider the set in the shifted 

position. At ally point x of S; let the block be PQ, so 
that Pa? represents the amount of shifting from the position 
when the lower extremities were all on the x-axes. Prolong 
the block to R, so that PR is equal to the upper limit of 
the length of the blocks corresponding to all points of S/. In 
this way we get a plane set containing the given set. 

Now, by Lemma 1, § 27, the content of a set of blocks each 
of length PR, erected at all the points of S,-, is PR . S*\ Hence, since we may 
evidently consider Hx as having been obtained by shifting up the ordinate Vx the con- 
stant amount PR, the content of the set of blocks Hx = that of the blocks Vx + PR . S*. 
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Now the blocks Tx form a measurable set, by the usual argument, since they 
consist of the part of a measurable set of blocks on a measurable component S; as 
base ; therefore the blocks PR at each point of S,-, shifted up to the position of the 
figure, being the difference of two measurable sets, form a measurable set, and the 
content is PR . S;, that is, the same as it was before shifting. Since this is true for 
each component S;, it is true for the whole set of elongated blocks, that they form a 
measurable set whose content is the same as it was before shifting. 

Now, by § 27, we know that, before shifting, the content of this set was the upper 
summation of the lengths of the given blocks, that is PQ, over the fundamental 
set S, divided into Si, S 2 , ... Thus this upper summation, being the content of a 
plane set containing the given set, is not less than the content of the given set (of 
course in the shifted position). 

Similarly the corresponding low^er summation is not greater than the same content. 
But the lower limit of the upper summations is equal to the upper limit of the lower 
summations, since either of them represents the content of the given blocks before 
they were shifted up from the .x-axes. Thus the same content is itself neither less 
nor greater than the content of the set in the shifted position, that is to say, the 
content has been left unaltered by the shifting. [Q.E.D. 

Corollary 1. — In the shifted position the content is still the generalised integral of 
the length of the blocks. 

Corollary 2. — The sum of any finite number of summable functions is a summable 
function, and its integral is the sum of their integrals, the fundamental set being any 
measurable set of finite content. 

Corollary 3. — Since the limit of a sequence .of measurable sets is a measurable set, 
it also follows that the sum of an absolutely convergent series of summable functions is 
a summable function, and its generalised integral is the sum of their integrals, 
provided, as usual, the functions have finite upper and lower limits. 

§30. By means of a theorem proved in my paper on " Upper and Lower Integra- 
tion/^ we can extend the results of § 29 still further. The theorem quoted states 
that, if X' be the content of the section of a closed plane set by the ordinate through 
the point x of the #-axis, the content of the plane set is ]X f dx, and that, further, X 
is an upper semi-continuous function of X. It follows, then, by § 24, that the content 
is the generalised integral of X'. 

The theorem now to be proved is as follows : — 

Theorem 28. — If X° and X 1 be the outer and inner measures of the content of the 
ordinate section of a measurable set such that the set got by closing it is of finite 
content, by the ordinate through the point x, X° and XJ are both summable functions, 
and the generalised integral of either is the content of the measurable set. 

Let I be the content of the set, and e any assigned small positive quantity. Let us 

* 'Proc. Lond. Math. Soc., 5 Ser. 2, vol. 2, Part L, p. 60. 
VOL. CCIV. A. 2 K 
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take a closed component of the given set of content greater than I — e. Denoting by 
X' the content of the ordinate section of this set, we have, by the theorem quoted, 

I—e<i]X!dx. 

Since X' is an upper semi-continuous function, it follows, by § 24, that 

I— e< the upper limit of the lower summations of X', 

or, since X' is not greater than X*, 

I — e< the upper limit of the lower summations of X*. 

Since e may be as small as we please, 

I S the upper limit of the lower summations of X*, 
< the upper limit of the lower summations of X°. 

Next let the content of the set got by closing the given set be denoted by S, and 
that of the complementary set by J, so that 

I + J = S. 

Denoting by Y ; and 71 the quantities for the complementary set and the whole 
closed set corresponding to X' for the given set, we have, as before, 

J < the upper limit of the lower summations of Yi 

Now (Z / ~Y ; ) is the content of the difference of two closed sets, that is of an inner 
limiting set, # containing the set X, therefore, 



— Y' — X° ^ 

xxeiice 

J < the upper limit of the lower summations of (Z'--X ), 
< the upper limit of (a lower summation of 71 minus an upper summation of X°). 

But the upper limit of the lower summations of 71 is the generalised integral of Z', 
that is, S ; therefore 

J ^ S — ■ the lower limit of the upper summations of X°, 
that is, 

I >: the lower limit of the upper summations of X°, 
a fortiori, 

I > the lower limit of the upper summations of X 1 ". 

Now (§6) every upper summation of a function is greater than, or at least equal 
to, any lower summation, so that a quantity cannot be less than the upper limit of the 



* c 
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lower summations without being less than the lower limit of the upper summations ; 
neither can it be greater than the lower limit of the upper summations without being 
greater than the upper limit of the lower summations. Thus I must be actually 
equal to the upper limit of the lower summations as well as to the lower limit of the 
upper summations in the case of either X° or X' ; that is to say, I is the generalised 
integral of either X° or X*, and both these functions are summable. [Q.E.D.] 

Corollary 1. — Each ordinate section of a measurable set being moved on its 
ordinate in such a manner that the {linear) content of the section is unaltered, and 
that the whole set remains measurable, the content of the tvhole set is unaltered. 

Corollary 2. — At each point of a set of points of content A draiv an ordinate, 
and on it take any set of /points of {linear) content B, the content of the whole set 
so formed is AB. 

Here, as elsewhere, the fundamental set need not be a linear set, but may have a 
content of any number of dimensions. 

f K ' 
§ 31. The preceding section, coupled with § 24, give us Idle as the content of any 

Jo - 
measurable set (provided the set got by closing it has finite content), here I is the 

content of the set of points of the fundamental set at which the inner (or the outer) 

measure of the content is >: k. This, together with the preceding section, give the 

solution of the problem alluded to in § 26, viz., the reduction of the calculation of 

n- dimensional content to that of, (n— 1 )-dimensional content, and so ultimately to 

that of linear content. 

Bearing in mind the definition of a generalised integral, we have the following rule 
for finding the content of an n-dimensional set : — Take any hyperplane section of the 
set, project the set on to this hyperplane, and take any measurable set containing 
this projection as the fundamental set S. Divide S up in any way into a finite or 
countably infinite set of measurable components, and multiply the content of each 
component by the upper (lower) limit of the values of the (linear) inner or outer 
content of the corresponding ordinate sections of the given set ; summing all 
such products^ the lower (upper) limit of all such summations is the content of the 
given set. 

§ 32. I have explained the geometrical representation of generalised integration 
with respect to a set. It is of interest to note the corresponding representations of 
what I call ordinary upper and lower integration with respect to a set. 

Consider first the case where the fundamental set S is a segment, and form the set 
of blocks corresponding to the generalised integral of the function. If the function 
is everywhere positive, the geometrical representation of the ordinary upper integral 
is obtained by closing the plane set of points constituted by the blocks. If the 
function is not everywhere positive, we can make it so by adding a constant, which 
is geometrically equivalent to adding a rectangle to the representative set, part of 
which, viz., E 2 , was to be considered as negative, and must be subtracted from the 

2 K 2 
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rectangle ; this addition of the rectangle is therefore equivalent to sinking the axis 
of x to a convenient position, so that all the blocks become positive. The upper 
integral of the given function, plus the constant, is now represented by the set got 

by closing the set of blocks. From this we have now 
to subtract again the rectangle, or, which is the same 
thing, return the x-axis to its original position, in 
x order to get the geometrical representation of the 
upper integral of the given function. 

Thus, in the general case, the geometrical repre- 
sentation of the upper integral is not precisely a 
closed set, but a closed set minus a rectangle, as is shown roughly in fig. 2, viz., the 
shaded region, of which the part below the x-axis, corresponding to E 2 , is to be 
considered as negative, and the other part, corresponding to E 1? is closed. 

Similarly, in the case of a function which is always negative, the geometrical 
representation of the lower integral is a closed plane set constituted by blocks; in 
the general case it is represented by the excess of a rectangle over such a set. 

When the fundamental set S is any measurable set whatever, instead of closing 
the fundamental set actually, we do so relative to S, that is, we take in only those 
limiting points which lie on ordinates through S. The rectangle to be subtracted in 
the case of the ordinary upper integral, or from which the relatively closed set is to 
be subtracted in the case of a lower integral, is then a relative rectangle, that is, that 
part of a rectangle which lies on the ordinates through 



